Abstract. Let L/K be a finite extension of congruence function fields. We say that L/K is a radical extension if L is generated by roots of polynomials
Introduction
Let L ′ /K ′ be a field extension. In the study of radical extensions we have the torsion and the cogalois classical groups
There exists an important class of field extensions studied by Greither and Harrison [4] which is called cogalois extensions. We say that L ′ /K ′ is a cogalois extension if:
(1) [4] and [2] .
The analogy of number fields with congruence function fields and, more precisely, of cyclotomic number fields with cyclotomic function fields, leads to the natural question if there exists the analogous of the usual torsion group with the torsion module defined by the Carlitz-Hayes' action.
We give a new definition of radical extension by using the action of Carlitz-Hayes. A funcion field extension L/K will be called radical, if L can be generated by some elements u with u Mu ∈ K over K, where M u are some rational polynomials. Among these extensions we study radical cyclotomic extensions. An extension is called radical cyclotomic, if it is radical, separable and pure. They can be viewed as the generalizations of Carlitz-Kummer extensions. These extensions have analogous properties to those of cogalois extensions defined in [4] , see Sections 4 and 5. A radical cyclotomic extension L/K satisfies L = K(T (L/K)). Observe the analogy with the previous definition.
In this paper we study the torsion given by the action of Carlitz-Hayes. Thus we understand "radical" in the sense of this action. We study the structure of congruence function fields generated by torsion. In Section 3 we define the concept of radical cyclotomic extension as an analogue of cogalois extensions in the classical case. We give examples of radical and nonradical cyclotomic extensions and of pure and nonpure extensions and show that, as in the classical case, the extension k(Λ P n )/k(Λ P ) is pure, where P ∈ R T is an irreducible polynomial and n ∈ N. In Sections 4 and 5 we give some properties of radical and radical cyclotomic extensions and prove, as in the classical case, that for Galois extensions, the cogalois group is isomorphic with the group of crossed homomorphisms.
In Section 6 we obtain our main results: we characterize the finite radical cyclotomic extensions. In particular we prove that finite radical cyclotomic extensions are p-extensions, where p is the characteristic of the base field. This is given in Theorems 6.6 and 6.7 and Corollary 6.9. Examples and applications are provided in Section 7. Finally, in Section 8 we find an upper bound for the cogalois group of a radical cyclotomic extension.
Notation
We shall use the following notation. p denotes a prime number. q = p ν , ν ∈ N. k = F q (T ) denotes the field of rational functions.
. µ(K) denotes the set of Carlitz roots contained in a field K. k denotes an algebraic closure of k. char(L) denotes the characteristic of a field L. If E/L is a field extension such that k ⊆ L ⊆ E ⊆ k, we denote by T (E/L) the set {u ∈ E | there exists M ∈ R T such that u M ∈ L}. C m denotes the cyclic group of order m.
Radical cyclotomic extensions
In this work we consider extensions L/K such that k ⊆ K ⊆ L ⊆ k. In what follows we will use the Carlitz-Hayes action. Let ϕ : k → k be the Frobenius automorphism, ϕ(u) = u q , and let µ T be the homomorphism µ T : k → k, given by µ T (u) = T u. We have the Carlitz-Hayes action of R T in k given as follows: if M ∈ R T and u ∈ k, then u M := M (ϕ + µ T )(u). Now, if M ∈ R T \ {0}, the M -torsion set of k, denoted by Λ M , is defined as Λ M := {u ∈ k | u M = 0}. We also call Λ M the set of Carlitz M -roots. Note that if a ∈ k then set of all roots of the polynomial z M − a is {α + λ | λ ∈ Λ M }, where α is any fixed root of z M − a in k.
Remark 3.1. The module Λ M is analogous to the n-torsion defined over Q * . Since the n-torsion is a cyclic Z-module because it consists of roots of unity, it can be shown in an analogous way, that Λ M is a cyclic R T -module, see [10] Chapter 12.
We denote by λ M a generator of Λ M and say that λ M is a primitive Carlitz root.
In the case of number fields, if Q(ζ n ) is the cyclotomic field, Q(ζ n )/Q is a Galois extension, with Galois group (Z/nZ) * . The analogue for function fields is:
and the Galois group is isomorphic to (R T /M ) * . In particular k(Λ M )/k is an abelian extension.
See [10] Chapter 12, for more details. First we see that as in the classical case, the Carlitz roots of a cyclotomic function fields behave as the usual roots of unity in a cyclotomic number field.
In what follows, unless otherwise specified, we consider extensions L/K such that k ⊆ K ⊆ L ⊆ k and L/k is finite. Moreover the previous extensions have a natural R T -module structure using the Carlitz-Hayes action defined above. The first object associated with the extension L/K is the torsion group of the Carlitz action, which we denote as in the classical case:
Note that T (L/K) ⊆ L is a subgroup of the additive group L. On the other hand T (L/K) is an R T -module and the R T -module T (L/K)/K is an R T -torsion module. This module is denoted by cog(L/K). We have cog(L/K) is analogous to the group T (L/K)/K * in the case of an extension of number fields L/K and where T (L/K) denotes the usual torsion group, see [2] p.2.
We say that L/K is pure if for every irreducible monic polynomial M ∈ R T and each u ∈ L such that u M = 0 we have u ∈ K. Finally, we say that L/K is a radical cyclotomic extension if it is:
(1) radical, (2) separable and (3) pure. The module cog(L/K) = T (L/K)/K will be called the cogalois module of the extension L/K.
It is separable, but it is not pure, since by Proposition 3.4 the Carlitz roots in k(Λ M ) are the elements of
The following example shows the existence of radical cyclotomic extensions.
Example 3.7. Let p be an odd prime, q = p and M = T . Consider the extension k(Λ M )/k. The degree of the extension is q − 1 = p − 1. We have seen that k(Λ M )/k is not pure, see Example 3.6. Now consider the polynomial
} is a basis of k(Λ M ) over k. Hence, u can be written as u = a 0 +a 1 α+· · ·+a p−2 α p−2 with a 0 , a 1 , . . . , a p−2 ∈ k. Therefore
where
. . , p − 2, belongs to k. Hence we obtain the equation
, with f (T ), g(T ) ∈ R T and (f (T ), g(T )) = 1, so we deduce the equation
Let L be the splitting field of
Note that since the minimal polynomial of β divides F (X) = X p + XT − 1, such minimal polynomial is F (X). In particular it follows that t = 1.
To show that the extension L/k(Λ M ) is radical cyclotomic, it remains to prove that the extension L/k(Λ M ) is pure. For this purpose we consider a monic irreducible polynomial N such that the degree of N is greater than one. Let u ∈ L be such that u N = 0. We claim that u = 0 since otherwise, from Proposition 12.2.21 of [10] , Chapter 12 and since N is an irreducible polynomial, u = 0 is a generator of Λ N . Consider the diagram
. This shows property (3) of Definition 3.5, for polynomials of degree higher than 1.
It remains to show property (3) of Definition 3.5, for polynomials of degree 1. For this purpose, consider the polynomials T, T + 1, . . . , T + (p − 1). It suffices to consider, for example, N = T +1. Let u ∈ L be such that u T +1 = 0 and suppose that u / ∈ k(Λ M ), in particular u = 0. Therefore we have irr(u, k(Λ M )) | (X p−1 + T + 1). This is a contradiction to our assumption that deg(irr(u, k(Λ M ))) = p. Therefore u ∈ k(Λ M ).
For the next example we need the following proposition.
Proposition 3.8. Let q > 2, P ∈ R T be a monic irreducible polynomial and n ∈ N. Then the extension k(Λ P n )/k(Λ P ) is pure.
Proof. If λ Q ∈ k(λ P n ), then Q is ramified in k(λ P n )/k which implies that Q = P , by Proposition 12.3.14 Chapter 12 of [10] . Therefore k(λ P n )/k(λ P ) is pure.
Example 3.9. The extension k(Λ P n )/k(Λ P ) is cyclotomic radical since it obviously is radical and separable and it is pure by Lemma 3.8.
Some properties of radical extensions
The radical extensions L/K, in the sense given in this work, have properties similar to radical extensions considered in [4] and [1] . If G is a torsion module we will write
Definition 4.1. A module G is said to be bounded if G is a torsion module and the degrees of the elements of O G ⊆ R T form a bounded set, or equivalently, if O G is a finite set.
Let A be a torsion R T -module. Suppose that A is a bounded R T -module, in the sense of Definition 4.1. The least common multiple of the elements of O A , will be called the R T -exponent of A or, if the context is clear, the exponent of A, and it is denoted by exp(A). Now, let E/F be a radical extension, not necessarily finite. There exists A ⊆ T (E/F ) such that E = F (A). We may replace A by the submodule of E generated by A and F , which will also be denoted by A. Now, A/F is a torsion R T -module, thus it makes sense to consider O A/F . We say that an R T -torsion extension E/F is a bounded extension if A/F is a bounded R T -module. In this case, if N = exp(A/F ), we say that E/F is an N bounded extension.
In this context we have the following proposition.
Proposition 4.2. Let E/F be a bounded radical extension, not necessarily finite and let N = exp(A/F ). Then E/F is a Galois extension if and only if
Suppose that E/F is Galois. Let B be the R T -module generated by {ξ 1 , . . . , ξ s }.
Now suppose that λ M ∈ E for each M ∈ O A/F . Let u ∈ A and M = order(u). Since every conjugate of u over F is of the form u + λ N1 M ∈ E, it follows that the extension E/F is normal and since u is separable over F , E/F is a Galois extension.
It is possible to find in some radical extensions L/K explicitly a primitive element belonging to L, as shown in the following proposition.
and
Note that the above argument can be generalized to extensions L/K, with L = K(α 1 , . . . , α s ) so that there is M i ∈ R T with α
Mi i
= a i ∈ K and the polynomials M i are pairwise relatively prime.
Some properties of radical cyclotomic extensions
Radical cyclotomic extensions have some properties analogous to the properties of classic cogalois extensions. We first need a lemma.
Proof. Suppose that L ′ /K is pure, let λ P ∈ L ′ and P ∈ R T , monic and irreducible, such that λ
Let λ P ∈ L ′ and P ∈ R T be a monic and irreducible polynomial such that λ
′ be a tower of fields.
(1) The following is an exact sequence of R T -modules
is an R T -homomorphism with kernel cog(L/K). This proves that the sequence of
′ /L and L/K are radical cyclotomic extensions, we have that both are separable and pure. Therefore, by Lemma 5.1, the extension L ′ /K is pure and separable. Thus L ′ /K is a radical cyclotomic extension.
We will see that the R T -module cog(L/K) is finite for some extensions L/K. To begin with, consider L/K a Galois extension of function fields, with Galois group G = Gal(L/K). Note that µ(L) is a G-module, with the following action: given σ ∈ G and u ∈ µ(L) let σ · u = σ(u). Since the Carlitz-Hayes action commutes with σ, σ · u is well defined.
The set of crossed homomorphisms is denoted by
Theorem 5.4. Let L/K be a finite Galois extension, with Galois group G. Con-
If we apply σ to this last equality we obtain σ(f u (τ )) = σ(τ (u)) − σ(u). The sum of this equation with the first one gives that f u is a crossed homomorphism. We also note
and since L/K is a Galois extension, it follows that u ∈ K.
Conversely, if u ∈ K we have θ(u) = 0. Thus ker(θ) = K and therefore we obtain a monomorphism of abelian groups
On the other hand,
and from the additive Hilbert Theorem 90, it follows that
Since there is only a finite number of elements
Since the extension K ′ /K is Galois we have that u N ∈ K, that is, φ is surjective.
From Theorem 5.4 we obtain Proposition 5.5. Let E/F be a finite Galois extension, Γ = Gal(E/F ) and let ∆ be a normal subgroup of Γ. Then the sequence of abelian groups
is exact, where
Proof. Suppose that
. By the properties of f , f ′ is well defined and it is a crossed homomorphism.
Corollary 5.6. Let L/K be a finite Galois extension. If the cardinality of µ(L) is finite then the R T -module cog(L/K) is finite.
Proof. It follows from Theorem 5.4.
6. Some structure results of radical cyclotomic extensions
We may assume that M is a monic polynomial and that it is the minimum degree polynomial with such property, that is the order of α is M . Replacing α if necessary, we may assume that M = Q is irreducible and ∈ K. On the other hand, since ℓ = p we have ℓ = 0 in K. Therefore we have that D = B is non-zero, since otherwise α ∈ K and the degree of D is less than the degree of Q.
We have λ
which is a contradiction. Therefore L/K is not a radical cyclotomic extension. 
Proof. Assume that L/K is not pure. Thus there exists a = λ P ∈ L with P ∈ R T an irreducible polynomial such that a
Then by Galois Theory we have that K(λ P )/K is a Galois extension with Galois group G isomorphic to Gal(k(λ P )/ K). Thus
Example 6.5. A Carlitz-Kummer extension, see [9] , is an extension L/K such that
t , where p = char(K). Now Lemma 6.4 shows that Carlitz-Kummer extensions are radical cyclotomic extensions.
Furthermore, from the above results, we obtain Theorem 6.6. A finite Galois extension, L/K is radical cyclotomic if and only if it is radical, separable and [L : K] = p s with s ∈ N and p = char(K).
We have the following theorem.
Since each extension K(α 1 , . . . , α i )/K(α 1 , . . . , α i−1 ) is finite radical cyclotomic, it suffices to handle the case L = K(α). Suppose that L = K(α) with α M ∈ K for some M ∈ R T . Consider the factorization of M in terms of irreducible polynomials M = P . . . , β s ) . Applying the same argument as before, it suffices to deal with the case L = K(α) with α P e ∈ K for some irreducible polynomial P ∈ R T .
Let L = K(α) such that α P e ∈ K for some irreducible polynomial P ∈ R T . Let
Since each extension K(γ i )/K(γ i−1 ) is finite radical cyclotomic and γ P i = γ i−1 , it suffices to consider the case L = K(α) with α P ∈ K for some irreducible polynomial P ∈ R T .
Suppose that λ P ∈ L. Then L/K is a Galois extension, since L is the splitting field of the polynomial
We consider the diagram
Since K(λ P , α)/K(λ P ) is a Galois extension, from Propositions 2.2 and 2.3 of [9] , we have N = Gal(L(λ P )/K(λ P )) can be considered a subgroup of Λ P , that is, N is an elementary abelian p-group and | N |= b = p n . Since
We have
Therefore G/N is a cyclic group of order dividing q d − 1 and relatively prime to p. Furthermore, we have | G/N |= ad. From Hall's Theorem, see [5] Theorem 9.3.1, since G is a solvable group, there exists a cyclic subgroup R of G, of order ad, such that G = N R (in fact, G is the semidirect product G ∼ = N ⋊ R because (| R |, | N |) = 1).
Again from Hall's Theorem, any subgroup of order a divisor of | R |= ad is contained in a conjugate R ′ of R and we have
Corollary 6.8. With the notations of Theorem 6.7 we have
Proof. It follows from the proof of Theorem 6.7. Proof. It follows from Theorem 6.7 and Lemma 6.4.
Examples and applications
In this section we will present some applications of the above results. First, we have the following consequence of Theorem 5.4. Proposition 7.1. If E/L is a finite Galois field extension, with Galois group Γ, then the function:
given by φ(H) = {f α ∈ Z 1 (Γ, µ(E)) | α ∈ H}, is a lattice isomorphism.
Proof. It follows from the isomorphism given in Theorem 5.4. Now, let E/L be a Galois extension with Galois group Γ. We define
is an isomorphism, we have the evaluation function
given by < σ, h >= h(σ). For each ∆ ≤ Γ, U ≤ Z 1 (Γ, µ(E)) and each χ ∈ Z 1 (Γ, µ(E)) we define:
L is radical if and only if there exists a subgroup
. We may replace G by the additive subgroup generated by G and L which we denote by G.
where φ is the function given in Proposition 7.1. Then
Conversely, if there exists a subgroup
where φ is the function of Proposition 7.1. To prove the above equalities we only have to show that
The following result is an application of Proposition 7.2, see [3] . The symbol N √ α denotes a root of the polynomial u N − α.
Proposition 7.3. Let K/F be a finite separable extension and let E be the normal closure of K/F . Suppose that there is a finite extension L/F such that
Proof. Consider the following diagram
Since the extension E(λ N )/F is a Galois extension, we have that E(λ N )L/L is a Galois extension and from (1) we obtain
We define χ :
If σ ∈ Gal(E(λ N )L/KL) we have χ(σ) = σ(β) − β = 0 and vice versa. Thus Gal(E(λ N )L/KL) = ker(χ). Further, from (7.1) we have that the image of χ is contained in Λ N . Since G and G 1 are isomorphic, χ can be defined on G.
Therefore χ can be considered as an element of Z 1 (G, E(λ N )) and ker(χ) as equal to Gal(E(λ N )/K). From Proposition 7.2 K/F is a radical extension.
Let E/F be a finite Galois extension with Galois group G. Let L/F be another extension such that L ∩ E = F . Consider the composition EL. The restriction
are lattice isomorphisms, inverses of each other. Denote by ST (E/F ) the set of all radical sub-extensions
Thus the restriction of ε to radical extensions defines an injective function
given by
Proposition 7.4. Let E/F be a finite Galois extension with Galois group Γ, and let L/F be an arbitrary extension, with L ⊆ k and such that E ∩ L = F . If µ(EL) = µ(E), then:
is bijective, and the function
is the inverse of ρ.
Here, the notation F ≤ G means that F is a submodule of the R T -module G.
(2)Denote by Γ 1 the Galois group of EL/L. We have seen that there exists a group isomorphism
Since µ(EL) = µ(E), θ induces a group isomorphism
given as follows:
Thus υ(h) is a crossed homomorphism. By construction υ is a group homomorphism, and by (7.2) we have υ is a group isomorphism.
Let
(3) From the remark before this proposition we have that ρ is injective, so it suffices to show that ρ is surjective. Let
The following lemma shows that the converse of Theorem 6.7 is not always valid.
Proof. Suppose that L/K is a radical extension. Consider the group
By Cauchy's theorem, there is an element of order p, say τ , in G. Let H = (τ ) and
We will see that the cardinality of cog(
is completely determined by its action on a. Hence there exists |µ(K)| homomorphisms from G to µ(K). Similarly we can show that the cardinality of cog(
On the other hand we have cog(L ′ /K) ⊆ cog(L/K), see Proposition 5.2, and since both have the same order, we have cog(
The following example shows that the property of being radical extension is not hereditary.
Example 7.6. Let M = P n , n ∈ N with P ∈ R T irreducible. Consider the field extension k(Λ M )/k(Λ P ). Let t ∈ N be such that p t−1 < n ≤ p t and n 0 the integer part of n p t−1 . From Corollary 1 of [8] , it follows that
Here H M is Galois group of the field extension
Let n = 5 and p = 3. Then p t−1 < n ≤ p t holds for t = 2 and we have n 0 = 1. The value of α is given in Corollary 1 of [8] .
Choose H a subgroup of H M of the form
is not a radical extension. Therefore k(Λ P 5 )/k(Λ P ) is a Galois radical cyclotomic extension, that does not satisfy the property that if L is a field such that
, where L is the splitting field of the polynomial f (X) = X T − 1, with coefficients in k(Λ T ). The degree of this extension is [L : k(Λ T )] = p, see Example 3.7. We study the structure of cog(L/k(Λ T )).
Suppose that β ∈ cog(L/k(Λ T )) has order Q r , with Q monic irreducible polynomial, r ≥ 1 and
is a pure extension it follows that λ Q ∈ k(Λ T ). From Proposition 3.4 we obtain that Q = T which is a contradiction. Therefore
where cog(L/k(Λ T )) T is the set of elements of cog(L/k(Λ T )) whose order is a power of T .
Next we compute the cardinality of cog(L/k(Λ T )). Here we need an auxiliary result.
Let z ∈ k, z = 0, and N ∈ R T be a nonconstant polynomial. Consider
. The splitting field of g(X) over k is of the form K = k(α, λ N ) where α is an arbitrary root of g(X) and λ N is a generator of Λ N . Since the polynomial g(X) is separable, K/k is a Galois extension.
Let G = Gal(K/k). Given σ ∈ G we have that σ(α) = α+λ 
We have the following lemma.
Lemma 7.8. Let K/k and θ be as above. Then θ is a group monomorphism. On the other hand, if N = P , where P is a monic irreducible polynomial and z ∈ R T is as before and the equation g(X) = 0 has no solutions in R T , then θ is a group isomorphism.
Therefore θ is a group homomorphism. If θ(σ) is the identity matrix we have that M σ is a multiple of N and that N σ = 1 + N Q. Thus θ is a group monomorphism. When N = P , where P is a monic irreducible polynomial, z ∈ R T is as before and the equation g(X) = 0 has no solutions in R T , then by Theorem 1.7 (4) of [7] , we have that Gal(K/k(λ P )) is of order q deg(P ) . Hence θ is an isomorphism.
Coming back to the example, it will be shown that µ(L) = Λ T . To begin with, certainly Λ T = µ(k(Λ T )) ⊆ µ(L). On the other hand let u ∈ µ(L) be nonzero. There exists N ∈ R T such that u N = 0. Therefore u is of the form λ M N . We may assume that (M, N ) = 1. Thus, from Proposition 12.2.21 of [10] , we obtain that
is pure it follows that λ Pi ∈ k(Λ T ). Thus P i = T . Therefore N = T n with n ∈ N. Suppose that n ≥ 2 and consider the diagram
p n−2 = 1 which is a contradiction. It only remains to consider the case n = 2, so that L = k(u). From Lema 7.8 we have that Gal(L/k) is not an abelian group, contrary to the fact that the group Gal(k(Λ T 2 )/k) is an abelian group. Therefore n = 1 and
. Thus, using the proof of Lemma 7.5,
Example 7.9. Consider the extension k(Λ P n )/k(Λ P ). We compute the order of cog(k(Λ P n )/k(Λ P )) in the following case: P = T , q = p > 2 and n = 2. Let
In particular H T 2 is a cyclic group. We have
where we define
where σ = 1 + T + (T 2 ) is a generator of H T 2 and x ∈ Λ T 2 . On the other hand if
On the other hand, from Lemma 8.3, we have that card(B 1 (H T 2 , Λ T 2 )) = card(Λ T 2 /Λ T ) and since
from Proposition 5.4 follows that
The following lemma shows that certain extensions have properties analogous to those provided in Lemma 1.3 of [4] , namely steps 1 and 2. However we will see that these properties do not hold in general.
Lemma 7.10. Consider the extension L/k(λ P ), where L is the splitting field of the polynomial X P − a, where P ∈ R T is irreducible and a ∈ k(λ P ) \ k(λ P ) P . The module cog(L/k(λ P )) has no elements of order Q, where Q is an irreducible polynomial different from P . Furthermore if ν p (a) ≥ q d , where d = deg(P ), we have that cog(L/K) has no elements of order P 2 .
Proof. Suppose that there exists an irreducible element of order Q in cog(L/k(λ P )). Since L/k(λ P ) is a Galois extension, we have λ Q ∈ L and since L/k(λ P ) is radical cyclotomic extension, from Proposition 3.4 we have λ Q ∈ µ(k(λ P )) = Λ P . Therefore Q = P . Now assume that cog(L/k(λ P )) has an element of order P 2 , that is, there is
Now the ramification index of the prime P in the extension k(λ
. From Theorem 3.9 of [9] we have that this ramification index is Φ(P ). In other words, dΦ(P 2 ) = Φ(P ), which is absurd.
we have that σ = 1. We have σ(λ P Q ) = λ 1+P Q P Q = λ P Q . Therefore if K is the field fixed by (σ), we have λ P Q ∈ K.
On the other hand σ p = (1 + P Q) p = 1 + P p Q p ≡ 1 mod P 2 Q 2 , so that the order of σ is p. Hence [L : K] = p.
Since σ(λ P 2 ) = λ P 2 + λ Q P = λ P 2 we have α = λ P 2 / ∈ K. Analogously it can be shown that β = λ Q 2 / ∈ K. Since [L : K] = p, we have that L = K(α) = K(β), α P = λ P and β Q = λ Q . Therefore cog(L/K), contains elements of order P and elements of order Q.
Example 7.12. Let q = p ν with p ≥ 3. Let L = k(Λ P 3 ) and σ = 1 + P ∈ Gal(L/k(Λ P )). We have σ p = (1 + P ) p ≡ 1 mod P 3 . Furthermore σ = 1 since σ(λ P 3 ) = λ P 3 + λ P 2 = λ P 3 .
Let K = L (σ) . We have [L : K] = p. On the other hand σ(λ P 2 ) = λ P 2 + λ P = λ P 2 . Therefore α = λ P 2 / ∈ K. Thus L = K(α) and α P = a ∈ K. Since λ P 2 P 3 ∈ K and λ P P 3 / ∈ K, λ P 3 ∈ L has order P 2 . Therefore cog(L/K) has elements of order P 2 .
Examples 7.11 and 7.12 show that we do not have analogues of Lemma 1.3 of [4] , namely if L/K is a cogalois extension, in the classical sense, and is such that [L : K] = p, with L = K(α), α p = a ∈ K and L/K is separable and pure, then (a) The group cog(L/K) has no elements of order q = p, q a prime number. Proof.
by Propositions 8.4 and 8.6.
The following example shows that the inequality in Proposition 8.8 may be strict.
Example 8.9. Let L = k(Λ P 2p−1 ), with P ∈ R T irreducible, and σ = 1 + P 2 ∈ Gal(k(Λ P 2p−1 )/k). We have σ(λ P 2p−1 ) = λ P 2p−1 + λ P 2p−3 = λ P 2p−1 .
Thus σ = 1.
On the other hand σ p = (1 + P 2 ) p = 1 + P 2p . Hence Let α be a nonzero element of cog(L/K). There exists N ∈ R T such that α N = a ∈ K. Since α ∈ L, α N ∈ K ⊆ E, that is, α ∈ cog( L/E). If α = 0 in cog( L/E), we would have α ∈ E ∩ L = K so that α = 0 in cog(L/K), a contradiction. Then cog(L/K) ⊆ cog( L/E).
